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Abstract 



A general class, introduced in 7 , of continuous time bond markets 
driven by a standard cylindrical Brownian motion W in is consid- 
' ered. We prove that there always exist non-hedgeable random vari- 

ed . ables in the space Dg = DpyiL^ and that Dq has a dense subset of 

attainable elements, if the volatility operator is non-degenerated a.e. 
Such results were proved in ^ and [2] in the case of a bond market 
^Sj ■ driven by finite dimensional B.m. and marked point processes. We 

^ , define certain smaller spaces D^, s > of European contingent claims, 

by requiring that the integrand in the martingale representation, with 
Cf^ ■ respect to W, takes values in weighted £^ spaces with a power 

weight of degree s. For all s > 0, the space is dense in Dg and 
I is independent of the particular bond price and volatility operator 

O ' processes. 

A simple condition in terms of norms is given on the volatility 
I operator processes, which implies if satisfied, that every element in 

is attainable. In this context a related problem of optimal portfolios of 
zero coupon bonds is solved for general utility functions and volatility 
operator processes, provided that the £^-valued market price of risk 
^ ' process has certain Malliavin differentiability properties. 
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1 Introduction 



In this paper we consider the problem of completeness of continuous time 
markets of zero-coupon bonds, with arbitrary positive time to maturity. To 
fix the ideas, contingent claims will be elements of the space Dq = Hp^iL^, 
where the spaces are defined with respect to an apriori given probabil- 
ity measure P. Introducing the zero-coupon markets, we follow the Hilbert 
space construction given in reference jZj, which permits a unified approach 
to bond and stock markets. The zero-coupon price pt, at a given time t, is 
as a function of time to maturity an element of a certain Sobolev space H 
of continuous functions. The basic random object in the theory is the price 
curve Pt G H. This is an oo-dimensional object and the number of random- 
sources influencing its evolution is big (cf. end of the introduction of [2] and 
Since the dimension of H is countable infinite, it is natural that the 
price process p is driven by a countable infinite number of random sources. 
Therefore, in [7j the evolution of the price in H is given by a diffusion model 
driven by a countable infinite number of independent standard Brownian 
motions (Bm.), i.e. a standard cylindrical Brownian motion. 

From the point of view of sources of randomness, the construction in ref- 
erence fl] is complementary to and generalizes the bond market driven by 
a finite dimensional Bm. and marked point processes, with possible infinite 
mark space, introduced in pP and A notable difference is that the price 
process in |T and [2] takes values in a Banach space (a certain sup. normed 
subspace of C([0, oo[)), which in a general approach requires a more sophis- 
ticated stochastic integration theory than for Hilbert space valued processes. 
The completeness of a bond market driven by an infinite number of ran- 
dom sources was studied in pP and j2] for their jump-diffusion model. It was 
proved that such a market with an infinite mark space, is approximately com- 
plete (Th. 6.11 of pi), i.e. the set of hedgeable claims is dense in a certain 
sense in the set of claims. However, in general this market is not complete 
(Prop. 4.7 of PP). This was further developed in [^. The basic reason for this 
complication, compared with stock markets, is that the martingale operator 
(cf. formula (6.8) of j^), being the product of the discounted zero-coupon 
price and the volatility operator, is a.e. a compact operator defined on an 
cxo-dimensional topological vector space (TVS). In the case of the Hilbert 
space model in [2j the situation is similar. There the martingale operator 
is compact a.e. (see formula (5.3) and Remark 5.1 of j?]). The hedging 
operator, i.e. the adjoint of the martingale operator is then also compact 
a.e. Intuitively, the market can only be complete if the hedging operator is 
a.e. surjective which is never the case, for a countable infinity of Brownian 
motions. 
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The first purpose of tliis article is to establisli rigorously that the bond 
market with a usual derivative market such as Dq cannot be complete, in 
the case of a countable infinity of Brownian motions (Theorem 14.11) . This 
is in strong contrast with the case of a finite number of random sources, 
where this market is complete when the volatility operator satisfies certain 
non-degeneracy conditions (cf. jTj formula (3.8) and Remark 5.3). 

This raises naturally the question of how to generalize the usual concept 
of a complete market, tailored for finite dimensional markets, to bond mar- 
kets. If the martingale operator has trivial kernel a.e. then Dq has a dense 
subspace of hedgeable elements (Theorem 14. 2j) . However, this does not give 
any information on what the subset of hedgeable elements is. Roughly this 
corresponds to an approximately complete market, introduced in the different 
context of and [2]. The solution adapted in this article simply consists of 
restricting the set of contingent claims to an allowed subspace A G Dq which 
satisfies: 

(i) A is a locally convex complete TVS and [ii) A is dense in Dq. (1-1) 

Condition (i) permits to study if it is possible to choose the hedging portfolio 
as a continuous function of the contingent claim. Condition (ii) implies that 
the price (if continuous on Dq) of each element in Dq is determined by the 
price of elements in A. The bond market, is then said to be relatively complete 
with respect to the allowed set A of contingent claims or just A-complete, if all 
elements in A are attainable. The idea here is that it should be easy to check 
whether or not a contingent claim X is in A. If X G A then X is hedgeable 
by definition, while ii X ^ A then we can only conclude that there is a 
sequence, not necessarily bounded, of self-financing portfolios with terminal 
value converging to X. Since the portfolio sequence can be unbounded the 
approximation scheme is difficult to use in practice and one needs at least a 
measure of risk, which permits to pick the best "approximate portfolio" in 
the sequence. 

The second purpose of the article is to introduce spaces D^, s > of 
allowed European contingent claims satisfying (jl.lj) and sufficiently large 
to contain all commonly used derivatives, including those with discontin- 
uous pay-off functions. The main point in the definition of D^, s > is 
that the integrand in the stochastic integral representation of elements in 
D^ decreases uniformly at a rate given by weighted £^-spaces with norm 
y (X]i>i(l + i'^y {y^)'^y^'^ ■ The spaces D^, s > are independent of the 
particular bond price and volatility operator processes and D^ C D^,, for 
s' < s. The third purpose of the article is to give conditions on the volatility 
operator (Condition|n|) such that the market is D^-complete for certain s > 
(Theorem 14. 3j) . 
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The forth purpose of the article is to apply the D^-completeness of the 
market to the optimal portfolio problem considered in [7j. There, the optimal 
terminal discounted wealth X was first found (Th.3.3 of [Zj) under general 
conditions and then a hedging portfolio 6' of X was constructed for certain 
cases (deterministic volatility Th.3.8; finite number of Bm. Th.3.6). X is not 
always hedgeable, but to cover more general situations where it is hedgeable, 
so an optimal portfolio 6 exists, we here impose 

{in) A is an algebra under pointwise multiplication. (1-2) 

In fact, X is a function, polynomially bounded together with its deriva- 
tive, of dQ/dP for a martingale measure Q. Knowing that some claim like 
\n{dQ/dP) is attainable, we use the algebraic properties of A to prove that X 
is also attainable. Now, D^, s > is not an algebra (Remark EH)). However, 
we define a subspace C D^, of once Malliavin differentiable contingent 
claims, which is seen to be an algebra by generalizing the use made of the 
Clark-Ocone representation formula in [7] . The Dj-completeness of the mar- 
ket leads to a fairly general solution of the optimal portfolio problem ()4.9|1 
(Theorem I4.5j) . Reference studies the optimal portfolio problem, within 
(essentially) the framework of the jump- diffusion model of j2]. Existence 
of optimal terminal discounted wealth is established. However, the hedging 
problem is only studied in the sense of approximate hedging, so it does not 
establish the existence of an optimal portfolio. 

We note (Remark 13. 5j) that the spaces are more appropriate for the 
study of general hedging problems than D^, since the latter do not con- 
tain non-Malliavin-differentiable claims, in particular not binary options. A 
Malliavin-Clark-Ocone formalism was also adapted recently in reference j3], 
for the construction of hedging portfolios in a Markovian context, with a 
Lipschitz continuous (in the bond price) martingale operator. This guar- 
anties that the Malliavin derivative of the bond price is proportional to the 
martingale operator (formula (30) of |3]). Hedging is then achieved for a re- 
stricted class of claims, namely European claims being a Lipschitz continuous 
function in the price of the bond at maturity. 

The main results are proved in [JSland auxiliary needed results, difficult 
to find on suitable form, are proved in Appendix 1X1 

Acknowledgment: The author would like to thank Ivar Ekeland and Nizar 
Touzi for fruitful discussions and the anonymous referees for constructive 
suggestions. 
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2 Zero-coupon markets and portfolios 



Following closely 7j, we first introduce zero-coupon markets and portfolios. 
We consider a continuous time zero-coupon market, with some finite time 
horizon T > 0. At any date t eT = [0, T], one can trade zero-coupon bonds 
with maturity t + T, where the time to maturity T G [0, oo[ . 

Uncertainty is modeled by a complete filtered probability space {Q, P, JF, A), 
where A = {J-'t | < t < T}, is a filtration of the cr-algebra = J^f. The 
random sources are given by independent Brownian motions W^, i G N*, 
where N* = N - {0}. The filtration A is generated by the W\ i G N*. 

We denote by Pt{T) the price at time t of a zero-coupon yielding one unit 
of account at time t + T, t E T, T > 0, so that pt{0) = 1. For a zero-coupon 
price, which is a strictly positive function in the time to maturity, the 
instantaneous forward rate contracted at t G T for time to maturity T > 
is 

in the Musiela parameterization, the spot interest rate at t is rj = /t(0) and 
the discounted zero-coupon price at time t is pt = exp(— J^rrdr). 

We introduce Hilbert spaces H and H of continuous real- valued functions, 
which will play the role of state spaces of the price process p and of drift and 
volatility processes respectively. Given s G ]l/2, 1[ , let if be the subspace of 
all / G L^([0, oo[) satisfying 

\fix)\'dx+ [ \fix)-fiy)\'\x-y\-'-''dxdy<oo. (2.2) 

Jx,y>0 

if is a Sobolev space, which we now give its usual Hilbert space structure, 
often more easy to use than the one defined by the equivalent norm given by 
(Q. For s G R, let H' (cf. §7.9 of PJ be the usual Sobolev space of real 
tempered distributions / on M such that the function x i— > (1 + \x\'^y^'^f{x) 
is an element of L^(M), where / is the Fourier transform^ of /, endowed with 
the norm: 

'[i + ixiyimi'dxy/'. 



IH" — 

We note that by Plancherel's Theorem (cf. §2, Ch. VI of [16j) H° = L'^{R). 
The dual [H^)' of is identified with H^'^ by the continuous bilinear form 

< , >: X ^R: 



<f,9>= / fix)gix)dx, (2.3) 



^In R" we denote x ■ y ~ X)i<i<n ^iUii x,y £ R" and we define the Fourier transform 
/ of / by /(y) = (2^)-"/2 J^,^ exp(-zy • x)f{x)dx. 
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where z is the complex conjugate of z. If s > 1/2 and f,g & H'^, then / is 
Holder continuous of order s — 1/2, f{x) — > 0, as |a;| oo and there exists a 
constant C independent of / and g such that ||/(y'||_f/s < ||5'||//'> (cf- |Hj 

and §7.9 of 0). In particular if s > 1/2, then H' C C°nL°°. We remind that 
s > 1/2. In H^, consider the set Hi of functions with support in ] — oo, 0] . 
It is a closed subspace of H'^, so the quotient space 

H = H'/H'L (2.4) 

is a Hilbert space as well. It follows (cf. formula (7.9.4) of (Hj) that the norm 
defined by ()2.2|) is equivalent to || \\h- To sum up, a real- valued function / 
on [0, oo[ belongs to H if and only if it is the restriction to [0, cxd[ of some 
function in if* and that H , the dual of if, is the set of all distributions in 
H^^ with support in [0, oo[. In particular, H inherits from if** the property 
of being a Banach algebra and H contains all bounded Radon measures with 
support in [0, cx)[ . 

To motivate the introduction of H suppose that F & H is the value of 
lets say a volatility process. We then impose that Fg G H for all g & H. 
As we saw, ii F E H, then this condition is satisfied. It is also the case for 
functions i^ on [0, oo[ , such that F = a + f, for some a G M and f E H. Such 
F permits to consider volatilities, which do not go to zero when the time to 
maturity goes to infinity. We here choose H to be functions of this form, 
even if more general spaces are possible. Then the Hilbert space if = M©if, 
since the decomposition of i^ = a + /, aGM and / G if is unique. The norm 
is given by 

\\FU = {a' + 111111)'^'. (2.5) 

The dual H' , oi H is identified with M © if' by extending the bi-linear form, 
defined in Q, to H' x H : 

< F , G >= ab+ < f , g >, (2.6) 

where F = a + f e H' , G = b + g e H, a,b e R, f e H' and g e H. 

In order to introduce the bond dynamics, let C denote the semigroup of 
left translations defined on real functions on [0, oo[ : 

{Caf){T) = f{a + T) (2.7) 

where a > 0, T > 0. C acts as a strongly continuous contraction semi-group 
in if (resp. if). The infinitesimal generator is denoted d and its domain^ 
P(5) is denoted ffi (resp. ifi). The norm in ifi (resp. ifi) is defined by 

ll/lki = (11/111+ 11^/11^)^^^ (resp. ||Fb^ = (||Fb+||aF|||)V2). (2.8) 

'^'D{A), IC{A) and TZ{A) denote respectively the domain, the kernel and the range of a 
linear operator A. stands for the annihilator of a subset i? of a TVS. 
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Throughout the paper, we shall assume that, p is a continuous strictly 
positive i^i-valued progressively measurable processes, with respect to A, 
given by an equation of the HJM type (see jHj and equation (2.11) of [Zj) 

Pt = CtPo+ [ Ct-s{mSs)ds+ f Y,^t^siaiPs)dWi, (2.9) 
Jo Jo .g^. 

with boundary condition 

p,(0) = exp{t^^ds), (2.10) 
Jo Ps{0) 

for t G T, where al, i G N*, and rrit are progressively measurable i^- valued 
processes satisfying 

a^^(O) = for i G N* (2.11) 

and 

mt(0) = 0. (2.12) 

Identifying^ W with a £^ cylindrical Wiener process (c.f. §4.3.1 of reference 
|H]), equation ()2.9|1 can be written on a more compact form. Let a be the pro- 
gressively measurable L(£^, i/)-valued'^ process defined by cr^x = J2ieN* ^t^i- 
Then equation ()2.9p reads (cf. equation (5.5) of f7|) 

pt = Ctpo+ / Ct-spsmsds+ / Ct-spsO-gdW^. (2.13) 
Jo Jo 

We shall assume that a takes its values in the subspace of Hilbert-Schmidt 
operators of L(£^,if), which permits to give a meaning to the stochastic 
integral in equation ()2.13p (cf. §4.3.1 of 0). 

A portfolio is an H -valued progressively measurable process 6 defined on 
T. If 6' is a portfolio, then its discounted value at time t is 

Vt{e)=<et,pt> . (2.14) 

6 is an admissible portfolio if 

ll^fp = E (^J\\MI' + \\a'APt\\%)dt +i£\<9t, Ptmt > \dtY^ < oo, 

(2.15) 



^£'^ is the usual Hilbert space of all real sequences x — (xi, . . . ,a:„, . . .), with norm 

Mi^ = E„>l(2:n)^- 

^ L(E,F) denotes the space of linear continuous mappings from E into F, L{E) = 
L{E,E). 
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where a' is the adjoint process of a defined by < / , a^x >= {a[f,x)p, for 
all / G if and x E i'^. Exphcitly we have: 

a'j = {<f,al>,...,<f,al>,...). (2.16) 

The set of all admissible portfolios defines a Banach space P for the norm 
II II p. A portfolio is self- financing if 

dVtie) =< Ot , Ptmt >dt+J2<dt, Ptcri > dWl (2.17) 

The subspace of all self- financing portfolios in P is a Banach space P^j. 
We next impose a condition on the zero-coupon market. 

Condition I 

a) The initial condition pQ satisfies: 

PoEH,, Po{0) = l, Po>0, (2.18) 

b) a^, i E W are given progressively measurable Hi-valued processes, such 
that \2.11\) is satisfied and such that for all a G [1, cxd[, 

E{{ Y.W^'tWl.dtr + eMa $^||a,'|||rft))<oo, (2.19) 

c) There exists a family {F* | i G N*} of real-valued progressively measurable 
processes such that 

mt + Y, = 0, (2.20) 

ieN* 

and 

E{exp{a / iTW^dt)) < oo, Va > 0. (2.21) 

This condition gives a mathematical meaning to and guarantees the existence 
of a solution to the mixed initial value and boundary value problem ()2.9j) and 
()2.1()|1 (see Theorem 2.1 and Theorem 2.2 of I7J): 

Theorem 2.1 // Condition^ is satisfied, then equation h2. .9j) has, in the 
set of continuous progressively measurable H-valued processes, a unique so- 
lution p. This solution has the following properties: p is a strictly positive 
continuous progressively measurable Hi-valued processes and the boundary 
condition \2.1I^) is satisfied. Moreover, if u G [l,C)o[ and qt = pt/Ctpo then 
p G L''(0,P,L°°(T,/7i)), q,l/q G L"(fi, P, L°°(T, /7i)) and p{0),l/p{0) G 
L"(n,P,L°°(T,M)). 
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Condition also guarantees the existence of a martingale measure (see The- 
orem 2.8 and Corollary 2.10 of (Tj). In order to state the result let 

6 = exp I -i r J2iTlYds + fY. ^'sdWl] , (2.22) 

where t G T. 

Theorem 2.2 If Condition^ is satisfied, then ^ is a martingale with respect 
to {P,A) and supjgT^f G L^{Q,P) for each a G M. The measure Q, defined 
by 

dQ = ^fdP, 

is equivalent to P on Tf and t Wl = Wl — F* (is, t G T, i G N* are 
independent Wiener process with respect to {Q,A). If moreover 6 G Pgf, then 
V{9) is a {Q, A) -martingale and E{sup^^j{Vt{9)y) < oo. 

Thus, when Condition IJ is satisfied, the self- financing criteria (j2.17|l is equiv- 
alent to ^ 

Vt{e) = Vo{0) + [ I] < , Pscrl > dWl (2.23) 

The expected value of a random variable X with respect to Q is denoted 
Eq{X) and Eq{X) = E{^fX). 



3 Contingent claims 

In this section we consider contingent claims X G L^{Q, P, JF), for all p > 1, 
i.e. X G Dq = np>iLP{Q, P, J^) and we assume that Condition HI is satisfied. 
This is a convenient space, since it contains most usually traded contingent 
claims and it gives an easy mathematical analysis. It has also a certain in- 
variance with respect to the probability measure P, which we shall formulate 
in a slightly more general context. For a Banach space F we define the vector 
space Dq(F) = HiKpL^^Q, P, JF, F) and we denote Dq = Dq(]R). It is endowed 
with the topology induced by the countable sequence of seminorms 

^ ^ \\^\\L"{n,p,j^,F), (3.1) 

n E N*. Dq(F) is then a Frechet space. Replacing P by the martingale 
measure Q in the definition of Dq gives the same space, so in the sequel of 
this section we shall use Q : 
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Lemma 3.1 // Condition^ is satisfied and if F is a Banach space, then 

D,{F) = n,<pLP{Q,Q,J^,F) 

and the topology of Dq(F) is induced by the sequence of seminorms X h-> 
||^IU"(n,Q,^,F), n G N*. 

In general there are non-attainable random variables in the space Dq (see 
Theorem l4.ip . In order to obtain complete markets, we shall therefore restrict 
the set of allowed contingent claims. To specify various subspaces of Dg 
of allowed contingent claims we introduce certain Hilbert spaces and the 
isomorphism of square integrable random variables and square integrable 
progressively measurable processes. 

For s G M, let t'^ be the Hilbert space of real sequences endowed with 
the norm 

||x||,.,2 = (^(l + i2)-|xf )V2. (3.2) 

igN* 

Obviously i"^ = i^'"^. The operator j in i"*'^, with domain and given by 

Oa;)'^ = kx'' (3.3) 

is selfadjoint and strictly positive. Obviously, if a > then the domain of 
is and for all si,S2 > 0, f^^^^ = y^f^ (domains included). 

Let u be the product of the Lebesgue measure on T and the counting 
measure on N* and let L^(T x N*) be the space of real square integrable 
functions with respect to u. We have L'^{T x N*) ^ L^{T,f). For p > 2, 
LP{Q, Q, L^(T, £^)) is the Banach space with norm defined by 

MLnn,Q,LW)) = {Eq{ r WxtWldty'^y/^. (3.4) 

LP denotes the closed subspace of all progressively measurable elements 
(modulo equivalence) in LP{n,Q, L^{T,i'^)). For all s > and p > 2, let 
LP , = LPnLP(fi, g, L2(T, £^'2)). It is a closed subspace of L^ (fi, Q, L\T, t'^)) 
and we give L^^ the corresponding Banach space structure. The opera- 
tor :3 in LP{n,Q,L'^{T,t''^)), p > 2 and s G M, defined by its domain 
LP(fi,g,L2(T,r+i'2)) and the expression 

{:;^x)tiuj) = }Xt{uj) (3.5) 

is a closed operator. For a > 0, the fractional power given by {Z"'x)t{uj) = 
'fxt^uj) and by its domain LP{Q,Q,L'^(T,i'^~^"-''^)), is also a closed operator. 
By restriction ^ defines an operator in L^^ with domain L^^_^^, which we 
also denote by ^. For p = 2, ^ is selfadjoint and positive. 

For completeness we state the following result, proved in Appendix 1X1 
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Lemma 3.2 The operator U given by 

U{c,x) = c+J2 f AdWl (3.6) 

is unitary on M © to L'^{n,Q,J='). Let U* : L'^{n,Q,J^) R © be 
the adjomt of U. If p > 2, then f/(M © L^) = U'{VL,Q,T), U*LP{n,Q,J^) = 
R © and the restriction of U to R © L^, also denoted by U, defines a 
homeomorphism f/ : R © ^ L^(f2, Q, J-'). 

We now transport by unitary equivalence the selfadjoint operator © ^ in 
R © to a positive selfadjoint operator J = U {0®Z)U* in L'^{Q, Q, T). For 
X in the domain of J we have 

JX = ^ C {Zx)\dWl (3.7) 

where x is given by Lemma 13.21 For p > 2 and s > 0, the vector space 
Df = [/(R © g) is according to Lemma a subspace of L^(n, Q, J^) and 
Dq = LP{Q,Q,J^). Due to the corresponding properties of ^, for a > 0, it 
follows that J" with domain D^+a is a closed operator in D^. becomes a 
Banach space for the norm defined by: 

II^IId? = (ll^llip(fi,Q) + ll^''^llLf(n,Q))^^^- (3-8) 
We then define a decreasing family of Frechet spaces 

D, = n,>2D^, (3.9) 
s > of contingent claims. Let = ns>oD^. 

Example 3.3 Let us consider the simple case of a deterministic volatility 
operator a and a binary option with discounted pay-off X, where X = for 
Pf{T) < K and X = 1 for Pf{T) > K, with T > and K > given. An 
explicit calculus of the discounted value £'q(X|JFJ and Ito's lemma give that 
X = U{c,x), with c = Eq{X) and x\ = g{K/pt{T + f- t))al{T + T -t), 

where g is a continuous bounded function. If /q^ XlieN* 11//'^^ < ^^^'^ 

Under certain conditions, will turn out to be a space of allowed contingent 
claims in a complete market if s is sufficiently large. The space is then 
satisfactory from the point of view of hedging contingent claims since it 
contains commonly (and less commonly) used derivatives, including standard 
and exotic bond and interest rate options. We remind that the pay-off for 
such options can be expressed as a function of the price (curves) p. However, 
if s > then is not closed under multiplication: 
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Remark 3.4 The space D^, s > 0, zs not closed under multiplication. In 
fact there exists X G D^^ such that for all s > 0, ^ D^. We now construct 
such a X. Let d = ((1 + i)^/^log(l + i))'-^ and at = ^i^^* cW/, which is 



rom 



well-defined since XlieN*!*^*)^ < ~ lo (^tdW^. It follows fi 

arm . |g and the definition of X that ||X||^p = 2Eq{\X\p), for s > and 

p >2. Let Yt = /g* UsdW} and b = sup^g^r k*!- It follows using the Burkholder- 
Davis- Gundy (BDG) inequalities, that for some constants Cp and Cp : 

\\Xr„. < fiatfdty/^) < CpT^I'EQm < C'p{Y.{dfr" < oo. 

"^0 i&i* 



One checks that 



X^ = Eq{X^) + 2[ atYtdWl + 2[ (f - t)at ^ cW/. 

Jo Jo ig^. 

The two first terms on the right hand side are in 3^ for all s > and p >2. 
However, if s > then X]jGN*(^*'^*)^ diverges, so the third term on the right 
hand side is not in D^. 

The fact that is not closed under multiphcation, is a serious draw back for 
the construction of optimal portfolios, such as considered in [7^ . Therefore we 
shall introduce a decreasing family of Frechet spaces D^, s > 0, where C 
and Dl is an algebra under multiplication. The measure u is atomless, so the 
Gaussian process {{h,W (h)) \ h e L'^iJ x N*)}, where 

W{h) = J2 f h{s,i)dWi, (3.10) 

is well-defined (cf. |I2])- The Malliavin derivative operator D, is also well- 
defined on smooth random variables: 

n 

= m{h,), . . . , w{K,))hi{t, 0, (3.11) 
1=1 

where X = f{W{hi), . . . , W{hn)), (t, z) G T x N*, n G N*, / G C"^(M") is 
polynomially bounded together with all its derivatives and fi{xi, . . . ,Xn) = 
^{xi, . . . , Xn)- For all 1 < p < cxD, the linear map in 1)3.111) defines a closed 
linear map, also denoted D, from LP{n, Q, JT) to LP{n, Q, ^^(TxN*)), with 
dense domain D^'^ (cf. [T?]). DtX denotes the P' valued random variable 
defined by the canonical isomorphism L^(T x N*) = L^(T, £^). We denote by 
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T>Q the subset of random variables X in ()3.11|) also satisfying the restrictions 
that / has compact support and all the hi are finite sequences. 

For p > 2 and for s > 0, DVq C LP{n, Q, L'^{T, t'^)), so the operator Z'D 
from LP{n, g, J^) to Lp((], Q, ^^(T, i^)) is densely defined. It is also closed. In 
fact, let {Xn}n>i C Vo converge to X in L^^fl, Q, JF) and let ^^DXn = y-n ^ 
y in LP{n,Q,L'^{T,e)). The inverse of 5' in LP{n,Q, L'^{T,f)) is a contin- 
uous operator. If = and = y, then x G L^'(n, Q, -^^^(T, the 
domain of and a;„ ^ a; in Q, L^(T, Z) is closed, so x = DX 

and therefore y = ^DX. The domain ©J'^ of becomes a real Banach 
space for the norm defined by 

ll^lU^f = (ll^llLP(f1,Q) + ll^''-^^llLP(n,Q,L2(T,£2)))^''^- (3-12) 

We note that ©q^ = D^'P. The decreasing family of Frechet spaces of contin- 
gent claims D^, s > is defined by 

= np>2Bl'P. (3.13) 

One easily checks that multiplication is continuous in and that D;!^ = 
ns>oD^ is dense in Dq, which is dense both in Q, JF) and in P, JF). 



Remark 3.5 Due to its algebraic structure the space D] is suitable for solv- 
ing optimal portfolio problems. However it does not include all commonly 
used derivative products. For example the only binary options in J}^'"^ are the 
trivial ones X = 1 and X = 0. The space does not have this shortcom- 
ing (see Example \S. S^) . This indicates that the spaces and are more 
appropriate than the spaces D] and Dj'^ when considering general hedging 
problems. 

The Clark-Ocone representation (see [12]), used in [7j (see §3.2 and Lemma 
A. 5 of ^) in a context of portfolio optimization, generalizes to D^'^, so in 
particular to : 

Lemma 3.6 If X e D^-^ and X is given by the isomorphism of Lemma 1,'/.^ 
then xt = EQ{DtX\J^t),teT. 

We omit the proof of this lemma, since it is so similar to the proof of the 
analog result for a one dimensional Brownian motion (see Proposition 1.3.5 
of 52])- The space of contingent claims Dj'^ is smaller than : 

Corollary 3.7 Let p > 2 and s > 0. Then C D^, C D, and the 

inclusion maps are continuous. Moreover X G if and only if X & Dq and 
DX G Do(L2(T,r'2)). 
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4 Main results 



In order to find a hedging portfolio 9 G P^/ of a contingent claim X, we have 
according to ()2.2Hj) to solve the equation < 6t , ptc^l >= x\, for all i G N* or 
equivalent ly 

{h{u))'et{u) = xt{u), (4.1) 

a.e. it^oj) G T X fi, where htiuj) = pt{u!)a^{u!) G L{(?^H) is the martingale 
operator at (t, cj) and x is given by the martingale decomposition of X in 
Lemma Let (6^(0;))* be the adjoint of ht{uj) with respect to the scalar 
product in H. Using that the operators bt{uj)* and {bt{to)*bt{uj)Y^'^ have the 
same range a.e. {t,uj) G T X n, (cf. Lemma HH) we prove, that derivatives 
in L^, p > 1 and even derivatives in Dq are not always attainable: 

Theorem 4.1 If condition^ is satisfied, then there exists X G Dq such that 
Vf{e) X for all 6 ePsf. 

For an example and generalizations, see Remark 14. (j[ The bond market is 
approximatively complete in the following sense: 

Theorem 4.2 Let condition^ be satisfied. Dq has a dense subspace of at- 
tainable contingent claims if and only if the operator a ^{uj) has a trivial kernel 
a.e. (t,w) G T X 

To introduce complete markets, we shall impose a supplementary condition 
on the volatility operator. We now give a motivation of this condition. The 
operator Bt{uj) = lta^{uj), where k = CtPo, is a.e. (t,uj) a Hilbert-Schmidt 
operator from £^ to H, when Condition |l] is satisfied. Let 

At{uj) = {Bt{uj)yBt{uj) (4.2) 

where {Bt{u))* is the adjoint of Btiuj) with respect to the scalar product in 
H. Atiui) is a positive self-adjoint trace-class operator in a.e. (t,t^), when 
Condition HI is satisfied. In particular the operator At{(jj) in £^ is compact a.e. 
{t,uj), so it can not have a bounded inverse. However it can have an inverse 
defined on for some s > 0. This simple observation leads us to replace 
the non-degeneracy condition, which gives complete markets in the case of a 
finite number of random sources (see [Zj formula (3.8) and Remark 5.3), by 
the following: 

Condition II There exists s > and A; G Dq, such that for all x G £^ : 

\\x\\p < k{uj)\\{At{uj)y^^x\\is,2 a.e. {t,uj) G T x fi. (4.3) 
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As we will see, if Condition HTl is satisfied and X G D^, then a.e. the 
equation 

B;{u)r,t{u) = xt{u:) (4.4) 
has a solution in H given by 

r^t{to) = St{Lo){At{Lo))-^'^Xt{u), (4.5) 

where ^((ci;), the closure of Bt{uj){At{uj))^^^'^ , is an isometric operator from 
e to H. Let S eL{H,H') be defined by 

if,9)H=<Sf,g>, (4.6) 

for f,g & H. The portfolio 6^, given by 

el = {lt/pt)Svt (4.7) 

then satisfies equation ()4.H) and gives the risky part of a self-financing port- 
folio 6 = O'^ + 6^ & Psf- Here 0° G P is a portfolio of zero-coupon bonds with 
time to maturity and 

0^ = at6o, (4.8) 

where is the Dirac measure with support at and a is the unique real 
valued process such that 9 is self-financing. Heuristically, this leads to the 
completeness of the market, when the allowed contingent claims are given by 
and the conditions d and |n] are satisfied: 

Theorem 4.3 // Condition^ and Condition^^ are satisfied and if X & D^, 
where s > is given by Condition then there exists 9 G Pgf such that 
Vf{9) = X. Moreover, one such portfolio is 9 = 9^ + 9^, where 9^,9^ G 
PnDQ(L^(T, H )) are given by formulas d^. 7| ) and ^.Sj ). The linear mappings 
D, 9 X G P n Do(L2(T, H')), i = 0,l are continuous. 

This theorem has a converse: 

Theorem 4.4 Let Condition Q be satisfied and assume that there exist s > 
and k G Dq, such that for all x G t'"^, \\{At{uj)Y/'^fx\\i2 < k{uj)\\x\\i2, 
a.e. {t,uj) eTxn. Then Vf{9) G D,, for all G P,/ n Dq{L'^{T, H)). 

We shall apply these results to the optimal bond portfolio problem consid- 
ered in [Zj, which we now introduce. The set of all admissible self-financing 
portfolios with initial wealth x is 

C{x) = {9e Psf I Vo{9) = x}. 
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The optimization problem is, for a given initial wealth Kq, to find a solution 
e e C{Ko) of 

E(uiVf{9))) = sup E{u{Vf{9))) (4.9) 

9eC(Ko) 

where the utility function u satisfies the following Inada-type condition: 
Condition III 

u : M ^ M U {— cxo} is strictly concave, upper semi- continuous and finite 
on an interval ]x, oo[, with x < (the value x = — oo is allowed). 

b) u is C"^ on ]x, oo[ and u'{x) oo when x x in ]x, oo[. 

c) there exist some q > and C > such that 

liminf(l + |a;|)~V(x) > (4.10) 

xix 

and such that, if u' > on ]x, oo[ then 

lim sup x^'m' (x) < oo and \x(f'{x)\ < C{x'^ + x^^) for allx > (4.11) 

X— >oo 

and if u' takes the value zero then 

limsupx"V(x) < and \x^' {x)\ < C{1 + \x\y for all x e^, (4.12) 

where is the inverse of u' restricted to ]x, oo[. 

Theorem 4.5 Let Condition]^ Condition ITU a,nd Condition he satisfied 
and let In(^f) G D^, where s > zs given by Condition\l^ If Kq G ]^5C)o[, 
then problem ^.y{ ) has a solution 6. 

We end this section with the following remarks: 

Remark 4.6 One can consider stronger formulations of Theorem \4.1\ For 

example, whether or not one can choose the non-attainable claim X bounded 
and smooth is an open question in general. For constant deterministic volatil- 
ity operators the answer is yes. In fact, the operator Atiuj) = A (see \4-^ ) 
in i'^ is then constant {t, u) and since 

^1/2 

is compact, we can choose e G £ , 
such that \\e\\£2 = 1 and e ^ IZ{A^^'^). Let g G C°°(]R) be rapidly de- 
creasing together with all its derivatives, g{x) > for all x G M, /(x) = 
Jy^,g{y)dy, Y = E„>ie"W^^ and X = f{Y). Then, by Lemma\M X = 

Eq{X) + J^j:n>i^tdWt^, where Xt = EQ{g{Y) \ J^t)e. Since e i n{A'/^) 
and EQ{g{Y) \ J-'t) > for all t, it follows that X is not attainable. 
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Remark 4.7 Our choice i"*'^, s > of weighted i'^-spaces, leading to the 
results of this section, can be generalized to other weighted i'^-spaces. If 
are the corresponding norms, then the crucial property which shall be satisfied 
is Condition\T]\ with the t^'^-norms replaced by qs, which can depend on {t,uj). 

Remark 4.8 Conditions can be given directly on F, which guarantees that 
ln(^'f ) satisfies the hypothesis of Theorem \4-^ One possibility is: If s > 
and if for all n e {0,1,2} and p > 2, D"r G LP{n,Q,0''+'^L\T,t'^)), then 
In(ef) e Dl 

5 Proofs 

Proof of Lemma 13.11 Let p > 2. It follows from Schwarz inequality that 
||X|U.(P,^) = (EQ(e^iX||^))Vp < (EQ(er2))i/2p||x|U..(Q,^). similarly, ||X|U.(q,p) 

< {E{^^)y/^P\\X\\L2,^p^F)- According to Theorem Egi^f) = E{^^^) < 
oo and E{^1) < oo. QED 

Proof of Corollary 13.71 Let p and s be as in the corollary and let X G D^'^. 
Obviously X G D^'^, so we can apply Lemma [3.61 giving X = U{c,x), where 
xt = Egi^DtX I jFj), t eT. We obtain \\Tx\\LP{n,Q,L2{T,fi)) < \\TDtX\\LP(n,Q,L^T,e2)) 

< ||X||jji,p. Then x G L^,, so by definition X G ©p, proving tat BI'P C B>p. 
The inclusion map is continuous since, by the last inequality and Lemma 
13.21 for some constant Cp we have || J'*-^||LP(n,Q) < Cp\\^^x\\];^p(^Q^Q^i2(j^p^) < 

The continuous inclusion of into is now a direct consequence of the 
continuous inclusion of Dj'^ into , for all p > 2. 

According to formula (HTT^ . X G if and only if X G LP{Vt,Q) and 
TX G LPiVt, Q, L2(T, e)), for all p > 2. Then by Lemma EH X G if and 
only if X G Do and DX G Dq{L'^{T, t'^)). QED 

Proof of Theorem 14. II Using the definition ()4.(ij) of S, one readily verifies 
that the operator {bt{uj)y in equation ()4.1|) satisfies 

{h{uj)ys = {bt{uj)r, (5.1) 

a.e. {t,uj). Since S defines a homeomorphism of H' onto H, equation 1)4.11) is 
equivalent to find a if- valued process y satisfying Sy G Pgj and {bt{uj))*yt{uj) = 
Xt{uj), a.e. (t, a;) G T X f2. A necessary condition for the existence of a solution 
of equation ()4.1)1 is then according to Lemma f A. II 

xt{uj) G n{{{bt{uj))*bt{uj)y/'^), a.e. {t,uj) eJxn. (5.2) 

Let Kt{uj) = {{bt{uj))*bt{uj)y^^, let \\Kt{uj)\\H-s be its Hilbert-Schmidt norm 
and let {m„}„>i be the standard orthonormal basis in Then ||i^'t(ci;) — 
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Ei>i \\H^)'>^i\\H < C'sup, llcr^H^^)!!^. which is integrable accord- 

ing to Holder's inequahty, inequahty ()2.19p of Condition H] and Theorem 12 .![ 
Therefore 11X4(^(7) is finite a.e. {t,uj). We can now apply Lemma lA.41 
and choose Xt{uj) = gi{Kt{uj)), a.e. (t, cu) G T x Then Xt^uj) ^ lZ{Kt{uj)) 
a.e. (t, a;) G T X Since gi is Borel measurable on the space of selfadjoint 
Hilbert-Schmidt operators, with the operator norm topology, it follows that 
X is progressive. 

Let X = U{0,x), where U is as in Lemma 13.21 It follows from Lemma 
IA.4[ Lemma l3.ll and Lemma 13.21 that s G Dq. Since condition ()5.2|1 is not 
satisfied, it follows that equation ()4.1|1 does not have a solution for this x. 
QED 

In the proof of the next two theorems we shall use the following 

Lemma 5.1 // Condition\^ is satisfied and if 9^ G Dq(L^(T, i/')) and x G 
Dq(L^(T, are progressively measurable processes satisfying formula ^-1] ), 
then 9^ G P. //, moreover c G M, 

^* = ^+E f<d^l^ (5-3) 

at = {pt{{])Y\Yt- < 9] , Pt >) and 9^, = a^So, (5.4) 

for t G T and Z = sup^g^ | | , then Y is a Q-martingale, Z G Dq, a G 
Do(L2(T)), ^0 G P n Do(L2(T,iJ')) and 9 = 9"^ + 9^ e P sf ^ D^{L'^{T,H')). 
The linear map {9^,c,x) H-i> a G Dq(L^(T)) is continuous on the subspace 
of progressively measurable processes in Dq(L^(T, if )) x M x Dq(L^(T, f'^'^)) 
satisfying (|^.i| ). 

Proof: Since 9^ satisfies b'9^ G Dq(L^(T, f'''^)) by construction, it follows 
from the definition of P, Condition U 9^ G Dq(L^(T, if )), and Holder's in- 
equality that 9^ G P. 

Obviously F is a Q-martingale. By Doob's L^-inequality (cf. ^1]) we 
have ||Z||lp(q) < Cp suptgT ll^ilUp(Q)5 for P > 2. We then obtain ||Z||lp(q) < 
Cp||X||iP(Q), since \Y\^ is a Q-submartingale. Lemma f3. II now gives that 

Z G Dq. (5.5) 

Schwarz inequality and the definition of Z give 

( r latl'dty/' < (sup \PtiO)\-')iZf + (sup \\Pt,\\H)i r \\9l\\l>dtY/'). 

Jo t'eJ i'GT Jo 
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Formula ()5.5|) . 9^ G Dq(L^(T, if')) and Holder's inequality then give 

a G D,{L\T)) (5.6) 



and the announced continuity property of a. Since ||5f||j|^' = C < oo, for 
t G T and C independent of t, it follows from formulas ()2.11|) and ()2.20|) 
that ||6'^||p = C||a||2,2(Q p2,2(']p)). Formula ()5.6|) now shows that 6^° G P fl 
D,{L\T,H')). 

By the definition ()5.4j) of a, it follows that Vt{6) = Yf. 6 is then self- 
financing according to formulas ()2.23p and ()5.3|) with Vo{9) = c. QED 

The following notations will be used in the proof of Theorem 14.21 dfi = 
dtdQ. F is the closed subspace of progressively measurable processes in 
Q, L^(T, if)). For p > 1, the operator 6(p) from to F is defined 
by its domain V{h(^p)) = {x G | j-^^^ \\bt{!^)xt{!^)\\'\jdji < oo} and 

(6(p)x)t(u;) = ht{uj)xt{uj), (5.7) 

where h is as in 1)4.11) . The operator 6(p) is densely defined and closed. We 
note that fe(p), p > 1 is a maximal operator in the sense that it does not 
have a nontrivial extension, satisfying ()5.7j) . The adjoint (fe(p))* is given 
by {{\p)YyUto) = {h{uj)yyt{uj), l/p +l/q = I and P((6(p))*) = {y e 
F\EQ{{J^\\{ht{uo))*yt{'jo)\\'\jY/'^) < oo}. Given a selfadjoint operator A, we 
denote by be the resolution of the identity associated with A. 

Proof of Theorem ma Let U = {{t,uj) G T x | /C((Ti(cj)) ^ {0}}. 

1) Let /i(W) = 0. The set Vi = np>ip(p\ where P^^) = {y e F\y e 
Do(L2(T,if)),6*p)|/ G Do(L2(T,£2))} is dense in F. In fact its enough to con- 
sider progressive y G L°°(f2 x T,H)). 

For y E Vi, we define = Sy. The relation ()5.1|) gives {bt{uj)y9j{uj) = 
ib{p)y)t{^)- Then, according to the definition of Vi, the hypotheses of Lemma 
15.11 are satisfied with Xt{uj) = {bt{uj)y6}{uj). 6^ is defined by ()5.4|) . Lemma 
Ogives 6^, ^1 G P and ^ = 9° + 6^ G P,/. Let V2 C P,/ be the set of all such 
9, for y G "Di. By construction Vf{9) = U{Vo{9),x) so 9 ^-^ {Vq{9),x) defines 
a mapping of V2 onto M © ^(p)-^i- (^) ^ Dq according to Lemma since 
X G DQ{L\T,t'^)). 

For the moment suppose that, for every p > 1, (6(p))*Pi is dense in L^, the 
dual of LP, where + = 1. Since the set V3 = (6(p))*Di is independent 
of p, it follows that is dense in Dq(L^(T, £'^'^)). By Lemma IS21 it then 
follows that the set of attainable claims f/(M © P3) is dense in Dq. 

It remains to prove that (6(p))*Pi is dense in L'^. Let C(p) be the restriction 
of (&(p))* to Vi and let = (c(p))*. Then 6(p) is an extension of 6(p) = (&(p))** 
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and it satisfy ()5.7|) with 6(p) instead of which shows that = 
Therefore /C(6) = 7l{c)-^. Since /C(6) is trivial, 7?.(c) is dense in L^. 

2) Let fi{U) > 0. We proceed as in the proof of Theorem 14 .![ introduce the 
selfadjoint operator Kt{u!) = ({bt{uj))*bt{uj)Y^'^ in apply Lemma lA. 41 and 
choose Xt{u) = go{Kt{Lj)). Then 7^ x G for all p > 1 and X = U{0,x) G 
Dq. K with domain T>{h(2)) is selfadjoint in L^. One readily verifies that x 
is orthogonal to TZ^K) in L^. This proves that X = U{0,x) is orthogonal to 
the image of IZi^K) under f/(0, ■), so does not have a dense subspace of 
attainable elements. This is then also the case of Dq. QED 

Proof of Theorem 14.31 Let the conditions of the theorem be satisfied. 
Then X = U{c,x) for some c G M and x G np>2L^g, according to the 
construction of D^. We choose x progressively measurable by changing it on a 
set of zero measure. We observe that np>2LP ,, C np>2LP{Q,Q, L'^{T,t^'^)) C 
Dq(L^(T, where the last relation follows from Lemma fH. II This shows 
that 

xGDo(L2(T,r'2)), (5.8) 

where x is progressively measurable. 

Let {t,Lv) eTxn be such that Bt{iu) G L{f, H). Inequality (j43|l implies 
that (^4^(0;))^/^ G L{i'^) has a trivial kernel. Lemma lA. II then firstly shows 
that Bt{uj) also has a trivial kernel and secondly shows that {At{uj))^^^'^ 
is densely defined and that 5*4 (cj) in formula ()4.5|) is isometric from £^ to 
H. According to inequality ()4.3|) . if 2; G f'*'^ then z is in the domain of 
(Ai(a;))"^/2 and \\{At[uj))~^''^z\\i,2 < kt{uj)\\z\\es.2. By equation dUHl) we get 
||?7t(ci;)||£2 < kt{uj)\\xt{u!)\\£s,2. Since this is true a.e. (t,u!) it follows by inte- 
gration with respect to P, from Condition |n] and Holder's inequality, that 
T] G Dq(L^(T, if)). 1] is progressively measurable since this is the case of x 
and a. In fact, if ?/ is a progressively measurable i"^ valued process then this 
is also the case for A~^^^}~^y, according to Lemma lA.31 With y = ]~^x, it 
follows that A~^^'^x is progressively measurable and then from Lemma IA.3I 
that rj given by ()4.5j) is progressively measurable. Let 6^ be given by equa- 
tion ()4.7|) . Using now that S is unitary, that 11^^11^-' < IKt/Pt||Hll "^VtWH' 
using Theorem 12 . 1 1 and Holder's inequality, it follows that 

e'eD,{L\i:,H')), (5.9) 

where 9^ is progressively measurable. Since 9^ satisfies equation ()4.H) by 
construction and formulas ()5.8|) and ()5.9p hold, the hypotheses of Lemma I^TTl 
are satisfied, so 9^ G P. It also follows that the mapping 3 X 9^ E 
P n Do(L2(T, H')) is continuous. 

We define a as in formula ()5.4|1 . Lemma l5.ll then gives that 0° G P fl 
Dq(L^(T, H )), that 9 G Psf and that 9^ has the announced continuity prop- 
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erty. QED 

Proof of Theorem 14.41 Let the hypotheses of the theorem be satisfied and 
let eePsfD Do(L2(T, H')). According to Theorem ESI (^) e L^i^, Q, J^). 
The self- financing condition ()2.23|) and Lemma 13.21 show that Vf{d) = 
U{c,x), where c G M and a; G is given by formula ()4.H) . Obviously 
c G D^, so we only have to prove that U{0,x) G D^. By the construction of 

it is enough to prove that x E for aW p > 2, which is equivalent to 
that X is progressively measurable and ^x G Lp{Q, L'^{T,i'^)), for all p>2, 
where ^ is given by formula ()3.5j) . As x is progressively measurable, Lemma 
13.11 shows that it is sufficient to check that Xx G Dg(L^(T, 

For the moment let us suppose that a.e. (t^uj), 

■fiBtiu))' eL{f,H') and \\nBt{u;)y\\ < k{u;), (5.10) 

where the norm is the operator norm. Since {bt{uj)y = {Bt{uj))'qt{i^), where 
g^H =Pt(cu)A, it follows from dnnD that ||j^Xt(o;)||,2 = \\f{Bt{u;)yqt{uj)et{uj)\\e2 
< k{u;)Mu;)9t{u;)\\H>. Using that < CUGbH/H^., where C only de- 

pends on s, we obtain 

lirx^Mii,. </.M||g,Mb||0,M||^.. 

Holder's inequality, with 1/p = 1/pi + l/p2 + l/Ps, V < Pi,P2,P3 < oo, gives 

\\Tx\\lp(p,l2{t/2)) < C||A;||LPi(p)||g||^p2(p,L°°(T,#))ll^llLP3(p,L2(T,H'))- (5-11) 

Since by hypothesis A; G Dq and 6 G Dq(L^(T, H')), the norms of k and 9 on 
the right hand side of (jS.llj) are finite. The norm of q is also finite, according 
to Theorem EH so Tx G LP {P, L"^ {T , f)) , for all p > 2. This proves that 
yxGDo(L2(T,£2)). 

It remains to prove (jS.lUp . If x G then it follows from the defini- 
tion of the process A and the hypothesis of the theorem that ||i?f(co')j'^x|||^ = 
{fx, {Bt{uj)yBt{u;)rx)H = UAt{uj)y/^rx\\% < {k{uj))^x\\%. Bt{uj)r from £2 
to H is then closeable and its closure Kt{uj) G L{i'^,H) has norm bounded 
by k{uj). We have iKt{u))* = j'{Btiuj))% since Btitu) G L{£^,H). This 
shows that f{Bt{uj))* G L{i'^,H) has norm bounded by k{uj). The relation 
{Bt{uj)y = {Bt{uj))*S~^ , where S is the isomorphism defined in ()4.6|) . now 
gives (jOn|l . QED 

Proof of Theorem 14.51 We only consider the case of m' > 0, since the case 
of u'{x) = for some x is so similar. Let the hypotheses of the theorem 
be satisfied. According to Corollary 3.4 of reference [7], the portfolio 6' is a 
solution of equation ()4.9j) . if Vf{9) = X, where X = (p{X^f) for a certain 
X > 0. if is and \n{^f) G D^, so 'fDtX = \^fip'{\^f)fDtln{^f)- This 
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gives \\TDX\\l2(^j^^2) = |ACf¥''(A^f)| ||a'£'ln(^f)l|L2(T/2). Inequality dHU 
gives \\TDX\\l2^t^p) < CmfY + iX^T)-n\\TD\n{^f)\\L2^-,,py Theorem 
O shows that (A^^)^ + (A^t)"^ e L9(fi,P), for all g > 1. By hypothesis 

ln(^f')||i2(x_^2) G Dq, so Holder's inequality now gives that ||y-DX||i2(x_^2) G 
Do, i.e. DX G Do(L2(T,r'2)]. By Theorem 3.3 of reference |2|, X G Dq. 
Corollarv 13 . 71 then gives that X G Dj. We can now apply Theorem 14. 3| which 
proves the existence of 6. QED 



A Auxiliary results 

Proof of Lemma 13. 21 We first prove that the mapping (c, x) ^ X = U{c, x) 
is unitary on R © to ^^(fi, Q, T). 

The operator U is isometric, so its range is a closed subspace of Q, T). 
In fact (cf. Proposition 4.13 of ||[/(c, x)||^2(q) = c^ + l|a^|li2. It is sufficient 
to prove that U has dense range. Let h G L^(T, and let 

= exp I -1 \'Y,(h{s,i)fds^ tY.h{s,i)dW:\. 

Sf{h) is in the range of U, since £(h)h G and by Ito's lemma (Theorem 
4.17 of 1^): 

Sf{h) = 1+ [ Yl ^s{h)h{s, i)dWi. 

We have L^(T, = L^(T x N*) and the measure v is atomless. The linear 
span of {£f{h:) \ h G ^^(T, f)} is then dense in L'^iVL, Q, T) (cf. Lemma 1.1.2 
of ^2]), which proves that f/ is a unitary operator. 

To prove the second part of the lemma we fix p > 2. For (c, x) G M © 
let X = U{c, x), for < t < f let 

i€N* 

and let Z = supo<t<'f \Yt\. In the sequel of this proof C, Ci, C2, . . . are positive 
constants independent of X and (c, x). Applying the BDG inequalities we 
obtain 

||X||ip(Q) < |c| + II^IUp(q) < |c| + C||a;||iP. 

This shows that 

U{R®Ll) cLP{n,Q,T). (A.l) 
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Given X G Lp{Q,Q,J-'), then X G L^. By the first part of the lemma 
it follows that (c, x) = U*X e R © L^. Since U* is continuous, |c| < 
Ci||-^||l2(q) < Ci\\X\\lp(q). The BDG inequalities give \\x\\lp < C2\\Z\\lp{q). 
Applying Doob's inequalities and using that \Y\p is a submartingale, we 
obtain that 

\\x\\lp < C3 sup ||Ft||iP(Q) < Cs\\X\\lp(q). 

0<t<T 

This proves that U*Lp{Q, Q,J=') cR® L^. Since U is unitary it follows that 
LP(0, Q, J^) C f/(R©LP), which together with proves that U{R®Ll) = 
LP{n, Q, T). This gives by unitarity U*LP{n, Q,J^) = R® Lp. 

Finally the restriction B G L{R © Lp, Lp{Q, Q, JF)) of ?7 is a homeomor- 
phism since is the restriction of U* to U'{VL,Q, J^). QED 

In the sequel Ei and E2 are separable Hilbert spaces. The next lemma 
collects some well-known results on polar decomposition, cf. Ch VI, §7 of [TT] . 
We recall that, if i^' is a densely defined closed operator from Ei to E2 with 
adjoint K* , then according to von Neumann's theorem, K*K is a positive 
self-adjoint operator in Ei. Its positive square- root is then well-defined. 

Lemma A.l Let Ei and E2 he Hilbert spaces and let K be a densely de- 
fined closed operator from Ei to E2. The following statements are true: i) 
TZiK*) = n{{K*Ky/^) and IC{K) = IC{{K*Ky/^), ii) If IC{K) = {0}, then 
V{{K*K)-^) is dense in Ei, V{{K*K)-^) C V{{K*K)-^/^) and the closure 
of K{K*K)^^/^ is an isometric operator S G L(_E'i, ^2), Hi) If 1C{K) = {0} 
and X G V{{K*K)-^/^), then K*S{K*K)'^/^x = x. 

Proof: Let D = K*K. 

i) This statement follows from Problem 2.33, §7, Ch. VI of [TT] . 

ii) IC{D) = IC{K) = {0}. Since D is selfadjoint it follows that V{D-^) is 
dense in Ei. Using the spectral resolution of D (cf. Ch XI §12 ^E]), we obtain 
V{D-^) C V{D-'/^). Let x G V{D-'/^) n V{D^/^). Then \\KD-'/^x\\l^ = 
{D-^/^x,K*KD-^/^x)e2 = \\x\\%^. Since V{D-^/^) nV{D^/^) is dense in Ei, 
it now follows that the closure 5* is an isometric operator. 

lii) Let X G V{D~^). Then D'^/^x G V{D~^I^) and S = KD-^/^ on 
V{D~^/^), so K*SD-^/'^x = K*KD-^x = x. This equality extends by conti- 
nuity to X G V{D-^/^). QED 

The spectrum cr{K), of a compact selfadjoint K operator on E, is real, de- 
numerable and zero is the only possible accumulation point. The spectral 
resolution of K is given by 

K= J2 Aex({A}), (A.2) 
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where ex is the corresponding resolution of the identity defined on the Borel 
subsets of R. If / is a real valued function on R, then the operator f{K) in 
E is given by 

f{K)= fW^Km). (A.3) 

xecT{K) 

on its domain V{f{K)) = {x E E \ Y.xe.iK) 1/(^)1' l|ex({A})x||| < oo}. 

Lemma A. 2 Let A he the set of compact self adjoint operators in E, endowed 
with the operator norm topology. If f : M. is a Borel function, bounded on 
bounded subsets o/R, then the function AxE 3 {K, x) f{K)x E E is Borel 
measurable. Moreover the mapping x A x E 3 {X, K,x) ^-^ e/^({A})x G E 
is Borel measurable. 

Proof: Here / G L{E) is the identity operator and L{E) is given the operator 
norm topology. Let B = {K — XI \ K E A, \ E R} be endowed with the 
operator norm topology, i? is a closed subalgebra of L{E). The subspace 
Aq = {K - XI e B\X ^ 0} is open in B. For given M = K - XI e Ao, the 
space /C(M) has finite dimension, since K is compact, and IZ{M) is a closed 
subspace of E. It now follows as in the finite dimensional case (cf. Chap. 1, 
Lemma 4.4 of [IHl), that the mapping Aq x E 3 {M,x) ^ eM{{0})x G -E is 
Borel measurable. Since (R — {0}) xA 3 {X, K) ^ K — XI G Aq is continuous 
and eA--A/({0}) = eK{{X}), the mapping F : (R- {0}) x Ax E E, where 
F{X,K,x) = eK{{X})x, is Borel measurable. 

Suppose that / satisfies the hypothesis of the lemma and let G{K, x) = 
f{K)x. We first consider the case of f{x) = for all x < 0. For K G 
A, let fii{K) > ■ ■ ■ fin{K) ■ ■ ■ > be the decreasing sequence of positive 
eigenvalues of K, each repeated a number of times equal to the multiplicity 
of the eigenvalue. The function A 3 K f^niK) is then continuous (cf. [TT] . 
Ch. IV, §3.5). Define ^oiK) = i2i{K) + 1 and n : R^ ^ R by u{x, y) = ii 
X < y and u{x,y) = 1 if x > y. u is a Borel function. It follows from ()A.3|) 
that 

oo 

G{K, X) = J2 u{l^n-l{K),^in{K))f{l2n{K)) 6;, (iT) X^E. (A.4) 

n=l 

The mapping G : Ax E E is Borel measurable. In fact, by the continuity 
of fin and the measurability of u and F, each term in the sum ()A.4|) is Borel 
measurable, as a function of {K, x). The sum ()A.4|) converges pointwise {K, x) 
in E to G{K,x), so G is Borel measurable (cf. Theorem 5.6.3 of [15j). 

Next we consider the case of f{x) = for all x > 0. Similarly as to 
the previous case, it follows that G is a Borel function. Finally we consider 
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the case of f{x) = for x 7^ and /(O) = a. From the two previous cases 
it follows that {K,x) h-* h{K)x is Borel measurable, where h{0) = and 
h{x) = 1 for X 7^ 0. Since G{K,x) = x — ah{K)x, it follows that G is a 
Borel function. The case of a general / now follows by the decomposition 
/ = /_ + /o + /+, where the support of /_, /o and /+ is a subset of ] — 00, 0[, 
{0} and ]0, oo[ respectively. 

To prove the last statement, we note that AxE 3 {K, x) t— > eK{{0})x G E 
is Borel measurable, which follows from the identity e;^({0})x = x — h{K)x, 
where h{0) = 1, h{X) = for A 7^ 0. The measurabihty of R x A x E 3 
{X,K,x) H-i^ eK{{X})x G E now follows from the Borel measurabihty of F. 
QED 

Lemma A. 3 Let A be the set of compact operators with trivial kernel from 
El to E2, endowed with the operator norm topology. If Sk is the closure of 
the operator K{K*K)~^/'^ then the function A x Ei 3 {K,x) t— > Skx G E2 
is Borel measurable. Moreover, if L & L{Ei) and A' is the subspace of 
elements K e A such that n{L) C V{{K* K)"^/'^), then A' x Ei 3 {K,x) ^ 
(K*K)~^^'^Lx G El is Borel measurable. 

Proof: Let /„(a;) = y/x if x > 1/n and fn{x) = if x < 1/n, for n G N*. 
The function A 3 K K*K G A is continuous and K*K is selfadjoint. 
Let Fn{K,x) = Kfn{K*K)x. Lemma [Ql shows that Fn : A x Ei ^ E2 
is Borel measurable. Since Fn{K,x) converges pointwise to Skx in E2 as 
n 00, it follows that {K,x) ^— Skx is Borel measurable. To prove the 
second statement, we note that A' x Ei 3 {K,x) fn{K*K)Lx G Ei is 
Borel measurable. Since Lx G 'D{(K*K)^^^'^), the sequence fn{K*K)Lx 
converges pointwise {K,x) in Ei to {K* K)~^/'^Lx. It follows that {K,x) ^ 
{K*K)~^/'^Lx is Borel measurable. QED 

We shall define two mappings, go and gi, on the space of selfadjoint 
Hilbert-Schmidt operators on E. They will satisfy go{K) G }C{K) and gi{K) G 
TZ{Ky. Let {un}n>i be an orthonormal basis in E and let be a selfadjoint 
Hilbert-Schmidt operators on E. We define 

go{K) = if JCiK) = {0} and go{K) = jf ^k) ^ {0}, 

(A.5) 

where N{K) = mm{n \ ex({0})M„, ^ 0}. If A ^ cr{K), then let h{K, A) = 
and if A G (j{K) has multiplicity m, then let 

h{K, X) = Vi^ \-Vm, 

where {f 1, ■ ■ ■ , Vm} is the orthonormal basis in eK{{X})E given by the Schmidt 
orthonormalization of {ex({A})M„}ri>i. More precisely let Pq = gk{{X}) and 
we construct inductively ni, . . . , Um, vi, . . . ,Vm and Pi, ... , Pm by: 
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rii = mm{n\PoUn ^ 0}, Vi = PoUnJ\\PoUni\\ and PiX = {vi,x)eVi. 

Qk+l = Po-J2i=l ^k+l = min{n | Qk+lUn ^ 0}, Vk+l = Qk+lUni,+J\\Qk+lUnk+ 

and Pk+ix = {vk+i,x)EVk+i. 
We now define gi by 

g,{K)=g[{K)/\\g[{K)l where g[{K)= mK,X)+9o{K). (A.6) 

Ae<T(i^) 

Lemma A. 4 Let A be the set of selfadjoint Hilbert- Schmidt operators on 
E, endowed with the operator norm topology. The maps g^ : A ^ E, i = 
0, 1 given by / TO) and / TO) are Borel measurable. For every K G A the 
following two properties are satisfied: i) go{K) G JC{K) and if JC{K) ^ 
then \\g^{K)\\ = 1. ii) g,{K) i 11{K) and \\gx{K)\\ = 1. 

Proof: Since Hilbert-Schmidt operators are compact it follows from Lemma 
IA.2I that R X A X E 3 {X, K,x) i-^ eA'({A})x e E is Borel measurable. 
The measurability of go then follows from that is measurable and that 
X ^ x/\\x\\ is measurable on E — {0}. Similarly, for given (A', A), Vi is a 
measurable function of a finite number of the variables ex({A})M„. Therefore 
h : A X W —>■ E is measurable. The sum in ()A.6|1 converges. In fact, using 
that \\h{K, X)\\% is equal to the dimension of ex({A})-E', it follows that 

\\g[{K) - g',{K)\\l = X'\\h{K,X)\\l = \\K\\l^s- (A.7) 

The Borel measurability of gi follows from the pointwise convergence. 

Statement i) is obvious and we prove ii). If fC{K) ^ {0}, then ex({0})(?i(A') 
= ^o(^) 7^ and e;^({0})7^(A:) = {0}, show that g[{K) ^ n{K). Let 
}C{K) = {0}, suppose that g[{K) G 71{K), let x E E be the unique element 
such that g'i{K) = Kx and let xx = eK{{X})x. Then Kxx = eK{{X})Kx = 
KhiK,X), so XX = h{K,X). This gives that = Exea(K) 11^(^.^)111 = 

oo. This is a contradiction, so g'i{K) ^ TZ{K). Hence g'i{K) ^ Tl^K) for every 
A' G A. In particular g[{K) ^ 0, for every AT G A, so gi{K) is well-defined 
and ||^i(A:)|| = 1. QED 
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